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Abstract. - We present a unified formulation of quantum holonomy which is capable of describing 
all of its known varieties. The full role of non-Abelian gauge connection is elucidated. As examples, 
solvable models of quantum kicked spin are analyzed. They are shown to exhibit spiral holonomy, 
as well as Berry phase and Wilczek-Zee holonomy. 
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■ The interest in Berry's geometric phase is now two- fold. 
Theoretical interest to this quintessentially quantum phe- 
|>.nomenon is well documented [1]. The central importance 
is in the appearance of the gauge structure in paramet- 
'^ric space [2-4]. Immediate utility of geometric phase is 
recently highlighted by the suggestion of holonomic and 
. adiabatic quantum computings [5-9]. Consider the change 
of a stationary quantum state by an adiabatic variation of 
a system parameter. When the variation of the parameter 
is cyclic, namely it comes back to the original value, the 
r* state docs not necessarily returns exactly to the original 
. !^ stationary state. This phenomenon, known as quantum 
holonomy, comes in three flavors, Berry phase, Wilczek- 
S-J Zee holonomy, and spiral eigenvalue holonomy. In case 



of Berry phase, a stationary state comes back to itself 
with extra phase added after an adiabatic cyclic parame- 
ter variation, and in case of Wilczck-Zce holonomy, a state 
belonging to a set of degenerate eigenstates turns into a 
mixing of those states sharing the same energy. In case of 
spiral holonomy, on the other hand, an eigenstate evolves 
into another eigenstate with different energy after an adia- 
batic cyclic parameter variation [10-13]. Compared to the 
well-known first two, which has been thoroughly studied, 
the newly-found spiral holonomy has been something of 
an odd man out, since it is yet to find its proper place in 
the general formulation of quantum holonomies in terms 
of gauge connections, and this might be the reason for the 
lack of due recognition and appreciation of the existence of 
the spiral holonomy. This is deplorable for practical rea- 
son in understanding the mechanism of spiral holonomy, as 
well as it is theoretically unsatisfactory, since spiral holon- 
omy has obvious advantages in both control robustness 



and variety of achievable states with adiabatic quantum- 
state control, which enhance its usefulness in quantum 
computing [13]. 

In this paper, we intend to solve the problem of making 
sense of spiral holonomy, and prove that it indeed belongs 
to the category of quantum holonomy. We show that the 
non-Abelian Mead-Berry gauge connection is again the 
key in developing a unified formalism which treats all the 
quantum holonomy in a single fold. The resulting formula 
also sheds new light on the gauge invariance of quantum 
holonomy and its implications. 

We start by considering a quantum system described by 
a Hamiltonian which depends on sets of parameters, which 
are collectively referred to as a. Let us assume that the 
parameter is temporally varied a ~ a(t) = at- Quantum 
evolution is described by the Schrodingcr equation 



Hiat) 



dt 



l*W)-o. 



(1) 



We look for the solution of (1) in terms of a set of arbitrary 
"moving" basis states {|w„(a))} with time-dependent pa- 
rameter a = at- The temporal evolution of [^'(i)) is de- 
scribed by 



\^it))^u{t)\^m, 



(2) 



where the evolution operator U{t) is given by a time- 
ordered exponential [14] 



Uit)=J2\vmiat)) 



Te 



i f dtFlat 
Jo 



(wn(ao)l, (3) 



where T*- signifies the temporal ordering of the operator 
integral from right to left, and the elements of the matrix 
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F(a) are given by 

= (I'm (a) I iH(a) - aide,) \vn{a)) . (4) 

In deriving (3), we have used a decomposition of the state 
= Sm \^m{ctt)) bm{t) , and the evolution equation 
ibmit) = J2n^-ni,7iiat)bn(t) which is derived from (1). We 
further rewrite (3) into the form 

U{t)^Yl l^'i(ao))W^/,m(ao,at)^m,»(i,0)(w„(ao)|, (5) 

1.171,71 

with matrices W and D given by path-ordered and time- 
orderd exponentials, respectively, 

— ? 1 * dciiA(a) 

W{ao,at) -Te 

i?(t,0) -re~*/o^*^("'\ (6) 

where T-^ signifies the temporal ordering from left to right, 
and A{a) is the full non-Abelian Mead-Berry gauge con- 
nection whose matrix elements are defined by 

Am,n(a) = {Vm{a) \ iOa ■ (7) 

Note, in the derivation of (5), the identity \vm{ct')) = 
\vi{a)) Wi^mict, a'), signifying the fact that VF is a dis- 
placement operator in parameter space. Seemingly minor 
amendment of the factor W, in (5), to the Fujikawa's for- 
mula (3) is to be crucial in the following arguments. Let us 
now assume \vn{a)) to be the "instantaneous" eigenstates 
of H{a) with fixed value of a, namely 

H{a)\vn{a)) ^ en{a)\vn{a)) , (8) 

and further assume the standard adiabatic approximation 
that amounts to suppose the variation of a to be so slow 
that the only significant contribution to (6) comes from 
the diagonal term in F{at)', 

Fra,n{ai) ~ S„i,n - a^„,„(a)} . (9) 

We now consider a cyclic motion along C : ag — > ar with 
the identification of a,- with ag. We have 

U{r) - l«™(«o)) Mm,n{C)e-''^' K(ao)| , (10) 

m,n 

where (pd ~ dten{ctt) is the dynamical phase. The 
holonomy matrix M{C) encodes the geometrical change, 
independent from the temporal rate of evolution, induced 
by the adiabatic cycle C, and is given by 

M{C) ^ W{C)B{C), (11) 

in which each factor is written as 

B(C7) =re'i''"^"^"\ (12) 



where diagonal matrix , defined as 

Am,ni'^) = ^n,nia)Sm,n, (13) 

leaves B{C) also diagonal. The equations (11)-(12) con- 
stitute the central result of this paper. Several comments 
are now in order. 

The expression (10) is notable for its manifest gauge 
invariance. This is easily seen by changing the phases of 
individual states, 

\vn{a)) ^ e'S"^^^ \vn{a)) . (14) 

We then have W„.„(C) -> e-'f-'^i^+'f-^"-) W™.„(C), and 
BnAC) ^ e-''9"("-)+''9"("o)B„,„(C), giving 

M„,„(C) e-'3-("°)+'^'"("«)M„,„(C), (15) 

which obviously leaves U{t) unchanged. Note that the 
original U{t) given by (5) is invariant with full gauge trans- 
formation 

\vn{a)) G \vn{a)) = ^ |wm(a)) G'„i,„(a), (16) 

m 

which simply is an alternative statement of the basis 
\vn{a)) being arbitrary. 

The adiabatic time evolution ensures that the system 
that starts with an eigenvector |u„(ao)) stays continu- 
ously in an instantaneous eigenstate |u„(at)), modulo its 
phase. After the completion of the adiabatic cycle C, a 
returns to the initial point a-,- = ao- However, there is 
no a priori reason to assume that the state of the system 
comes back to its initial one, even apart from its phase. 
In fact, counterexamples to the conventional assumption 
have been found in the form of the spiral anholonomies 
in [10] and [12]. In general, the holonomy matrix M{C) is 
a permutation matrix, which describes how each |?;„(ao)) 
is transported into its orthogonal state (or itself), accom- 
panied by a possible geometric phase factor. 

In the absence of spiral holonomy, Wm,n = for m ^ n, 
the gauge can been chosen to make the basis state |w„(a)) 
single- valued, thus giving tV,„.„ = (5m, n, and the usual 
single factor expression of Berry phase Ai„i,n = 5m,nBn,n 
is obtained. Note, however, that the factor W{C) is 
necessary for consistency even for this case, in order to 
ensure the correct Berry phase with arbitrary choice of 
gauge 5(a), which leaves the basis states multi-valued, 

\Vn{ar)) \Vn{ao)). 

In fact, a special choice of the gauge can turn B{C) 
into a unit matrix, Bm,n{C) ~ 5m,n- This is obtained 
with the condition A^(a) = 0, which is nothing but the 
parallel transport condition [15]. The holonomy matrix, 
then, takes a single factor form 

M(C)=re"*i'"^^"\ (17) 

With this privileged choice of the gauge, all adiabatic 
quantum holonomies are described as a holonomy of an or- 
dered basis. This is a generalization of Fujikawa's picture. 
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in which the Berry phase is attributed to the holonomy of 
basis vectors, instead of probabihty amphtudes [14]. 

The vahdity of the split of the unitary matrix D to ge- 
ometrical part B and the dynamical phase is established 
whenever non-diagonal elements of F are negligible, and 
this can happen independent from the adiabaticity of para- 
metric variations. One such case occurs when is 
the solution to the full problem (1). Then the geomet- 
ric matrix M can be extracted without the assumption of 
adiabaticity, and this is exactly the situation considered 
by Aharonov and Anandan [16]. 

In the presence of degeneracies, we need to modify the 
preceding argument by writing the instantaneous eigcnba- 
sis as 



H{a) \vnk{a)) = £n(a) \vnk{a)) , 



(18) 



where k indexes the different states sharing a degener- 
acy. The quantum holonomy after cyclic variation of pa- 
rameters along the path C is described formally by the 
same M{C) as in (11)-(12) with now defined by block- 
diagonal 



A. 



D 



J, (a) = Anj^nk{a)5- 



(19) 



which results in block-diagonal B{C) that mixes degen- 
erate states after cyclic parametric variation. Because of 
the presence of W , combination of all three types of quan- 
tum holonomy. Berry, Wilczek-Zee and spiral, can arise in 
general. 

The preceding formalism can be straightforwardly ex- 
tended to periodically driven systems. Consider a sys- 
tem whose Hamiltonian has periodic time dependence 
H{t + Tp,a) = H{t,a). The stationary state |w„(a)) of 
this system is an eigenvector of the Floquet operator, i.e., 
the time evolution operator for a unit period Tp, 



Unia) 



Te 



i J^J^ dtH(t,a) 



We have an eigenvalue equation 

Un{a) |«„(a)) = "(")^p |«„(a)) , 



(20) 



(21) 



where a quasienergy e,i(a) is defined only up to modulo 
27r/Tp. When the time scale of the variation of a = at 
is far larger than the unit period, t 3> Tp, we can speak 
about the adiabatic change of a. Just as before, \vn{a)) 
determines the gauge connection A„i.ni(^), that is to be 
used to compute the holonomy matrix M(C). 

We now illustrate our arguments with an example of 
kicked spin [12, 13], which is a variant of systems with 
rank-one periodic kick [17,18]. Consider a spin one-half 
subjected to constant and time-periodic magnetic force; 



H = Ta3 + XV S{t 



n— — OC 



(22) 



where V is given by a linear combination of spin operators 
(Ti, tT2 and (73 . We require the system to be 27r-periodic 



with respect to the strength parameter A, which gives the 
condition e'^'^^ = 1. With straightforward computations, 
V is shown to have the form 



V = 



P 



P 



bi(Ji 



(23) 



with integer p and J2i = 1 • Let us adopt the spherical 
parametrizaton of three dimensional unit vector {bi} as 
hi = sin 7 cos ^, &2 = sin 7 sin ^ and 63 = cos 7. The three 
parameters of the system A, 7, ^ form a three dimensional 
manifold {A, 7, £,} ~ x . The temporal evolution 
during one period Tp = 1 is described by a unitary op- 
erator Uu = £-^'^3 p-t^v p-if(73 _ rpj^g problem is fully 
solvable with elementary functions. 



En - -X+ (-1)"^^2:^A,7,T' 



(24) 



e 2 sm(j2-p 



Here, E and Q are given by 

E\,-f.T ~ cos^^ (cos A cos T — sin A sin T cos 7), 



(25) 



Qa,7,t = -z tan ^ 



sin A sin 7 



cos A sin T + sin A cos T cos 7 



(26) 



^ and also 
5. Also 



Note the relations Q\+-n.'^,T ~ Q\.-y,T 4 

Qf ,7-|-ir,T = Q^,f,T + f , and (9A,7+7r,0 = Qxrf.o I 2 ■ 

note anti-periodicity of function; iJA+7r.7,T = — ^'A,7,t- 
The gauge connections A" = [(vn \ ida \vm)] are given by 



A^ = -(S3 COS7 - El sin7), 
A'^ ~ d^Q2^y^^ j,Yi2, 
A'^ = d\Q2^\^^^T^2, 



(27) 



where are Pauli spin matrices acting on the space of 



vectors \vq) 



and = 



. We have 



W{C^) = -1, WiC") = -1, 

W{C^) = COS (3(2-p)^,7,T - sin Q{2-p)^,j.T, (28) 

and 

S(C«) = e''^™^''^^ B{C'') = 1, B{C^) = 1. (29) 



After the cyclic variation of a along the path Cq : a — > 
a + 27r, the state |v„) is transformed to M(Cq) with 

-?'7r(l — S3 cos 7) 



M(Q) 



M(C^ 



-1, 



(30) 



for T = 0, which signify the existence of "monopole" at the 
center of parameter space S*^, and are the classic example 
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of Berry's phase. It is worthwhile to point out that, with 
our choice of gauge (25), the Berry phase M{C^) = —1 is 
give not from the expected place B{Cj), but from W{C.y), 
which is a good illustration of the convenience of gauge 
invariant expression (11). For the cyclic path of A, we 
have 



MiCx 



{2-p)tt 



iSo sin 



(2-p)7r 



(31) 



which clearly shows the exchange of eigenstates after the 
cyclic variation of A for odd p, that leaves only the sec- 
ond term. Corresponding eigenvalue anholonomy is visi- 
ble in the expression, e„(A + 27r) = e„+p(A) and we have 
the spiral holonomy with energy shifts An(CQ,) given by 
An(Cj) = 0, An(C^) and An(CA) p, from which, 
the meaning of p as winding number is evident. 

As an example of degenerate holonomy, we now turn 
to a time-periodic extension of magnetic spin with higher 
angular momentum [19]. Consider a spin three-half sub- 
jected to constant and time-periodic quadrupole force; 



oc ^ 



(32) 



n— — oo 



where V is given by a linear combination of spin operators 
n, T2, T3, T4 and T5, where 



n 

T5 



icj2 

-i(T2 

/ 
/ 

/ 
/ 



T2 = 



T4 





iui 

-iaz 
ias 



-i<Ji 








(33) 



with evident notations of / and signifying two-by-two 
unit and zero matrices respectively. These traceless ma- 
trices form a Clifford algebra, TiTj -f TjTi = 26ij. We 
require the system to be 27r-periodic with respect to the 
strength parameter A, namely e*^'^^ = 1. In the similar 
manner to J = 1/2 case, we have, 



(34) 



with an integer p, and = 1- parameterize five 

dimensional unit vector {6,} as bi = sin 7 cos 77 cos ^, 62 = 
sin 7 cos 77 sin ^, 63 = sin 7 sin 77 cos ^, 64 = sin 7 sin 77 sin C 
and 65 = cos 7. The five parameters of the system A, 7, 77, 
^, C form a five dimensional manifold {A, 7, 77, ^, C} = 5^ x 
5^. The temporal evolution during one period Tp = 1 is 
described by a unitary operator Un = e^^'^=e~*^^e~^'^^ 
whose eigenvalue problem is solvable. We have doubly- 
degenerate analytical solution. 



(35) 



boo) 



boi) 



l^^io) 



\vii) 



( e '''+cosg2-p^_^ J, \ 
' 
g-je_ sin ?7 sin Q 2-p , rp 

\ e'^~ cos 77 sin Q 2-p ^ y / 

^ \ 

COsQa^, ^ ^ 

-e^*^" cos 77 sin Q 2-p , „ 
y e'^~ sin7/sinC?2-p ^ ^ 
/ — e~'^+ sin7;sin(32-p_^ 7 T \ 
e'^+ cos 77 sin Q 2-p , ^ 
e"'**^ cosQa-p , ^ 

2 ^:7i-' 

V 

^ — e^*^+ cos 7/ sin Q 2^ _^ 7 t \ 
— e*^+ sin 77 sin Q 2^ 




(36) 



V 



V^A,7,T 



The structure of the eigenvalues is the same as in the pre- 
vious case of J = 1/2 apart from their double degeneracy. 
With the choice 77 = ^, the system is split into two inde- 
pendent systems of kicked spin J = 1/2. 

The variation of eigenstates with the adiabatic variation 
of parameters is dictated by the Wilczek-Zee extension 
of Mead-Berry connection A" = [{vni\ida\vmk)], which 
transforms the state \vnj) into M(Ca) \vnj)- Here, we only 
consider the cyclic change along the S*^ with the variation 
of A along C\ : A ^ A -I- 27r, and leave the full treatment 
to forthcoming publication. The matrix M{C\) is given 

by 



{2^p)ti 



(37) 



—7 sm 



{2-p)tt 





■ -il' 







^2' 




^sin77 


il 


+ cos 77 


_S2 





) 



For odd p, the first term becomes zero, and we have the 
spiral holonomy displayed in combination of Wilczek-Zee 
and Berry holonomy. 

The central finding of this work is that, in generating 
quantum holonomy, the gauge connection has two places 
to act, one of which has been neglected up to now. Once 
the assumption of single-valuedness of states' wave func- 
tion is lifted, larger class of gauge transformation is al- 
lowed, and previously mysterious spiral holonomy can now 
be regarded as a legitimate member of the family of gener- 
alized geometric phase. We may hope that the unified for- 
mulation developed in this work, with its manifest gauge 
invariance, is instrumental in further advancing our un- 
derstanding of quantum holonomy. 

It is not clear to us, at this point, which mathemati- 
cal characterization of A ensures Wm,n to be permutation 
matrices with complex phase, and also which property of 
A controls the occurrence of spiral holonomy. These are 
to be the subjects for further studies. 
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